A signature of the dark energy equation of state may be observed in the shape of voids. We estimate the constraints on cosmological parameters that would be determined from the ellipticity distribution of voids from future spectroscopic surveys already planned for the study of large scale structure.
A signature of the dark energy equation of state may be observed in the shape of voids. We estimate the constraints on cosmological parameters that would be determined from the ellipticity distribution of voids from future spectroscopic surveys already planned for the study of large scale structure.
The constraints stem from the sensitivity of the distribution of ellipticity to the cosmological parameters through the variance of fluctuations of the density field smoothed at some length scale. This length scale can be chosen to be of the order of the comoving radii of voids at very early times when the fluctuations are Gaussian distributed. We use Fisher estimates to show that the constraints from void ellipticities are promising. Combining these constraints with other traditional methods results in the improvement of the Dark Energy Task Force Figure of Merit on the dark energy parameters by an order of hundred for future experiments. The estimates of these future constraints depend on a number of systematic issues which require further study using simulations. We outline these issues and study the impact of certain observational and theoretical systematics on the forecasted constraints on dark energy parameters.
I. INTRODUCTION
A number of observations have established that the expansion of the universe is accelerating at late times [1] [2] [3] [4] [5] [6] [7] [8] [9] . The cause of acceleration is usually attributed to an otherwise unobserved component called dark energy, but models of dark energy are generically plagued by fine-tuning issues [10] [11] [12] [13] [14] . One can also interpret these observations as a consequence of the gravitational dynamics being different from the evolution of a standard FRW universe under general relativity. Such differences could arise due to the symmetries of the FRW universe being broken in the real universe, and the assumptions of smallness of the perturbations being invalid [15] [16] [17] [18] , or because General Relativity is not a correct description of gravity [19] [20] [21] . With such fundamental questions at stake, a prime objective of physical cosmology is to understand the source and nature of this acceleration. All available current data [9, [22] [23] [24] [25] [26] [27] [28] [29] is consistent with an FRW universe having dark energy in the form of a cosmological constant, yet various models of different classes are still allowed by the data. Therefore an important objective of current and future observational efforts is to study the acceleration of the universe in different ways and detect departures in the behavior from that expected in a standard ΛCDM model.
In order to compute parameter constraints from observational data, one usually parametrizes our ignorance about dark energy with a time dependent equation of state (EoS) of dark energy as a specific function of redshift and theoretically computes the observational signatures. A very widely used choice, following the recommendations of the Dark Energy Task Force [30] , is the CPL parametrization of the Equation of state [31, 32] . This results in joint constraints on different parameters of the cosmological model, including the parameters of the EoS of dark energy. It is important to use different sets of observational data. Different kinds of data sets probe different physical imprints of dark energy leading to distinct shapes of constraints on parameters. Consequently, the simultaneous use of many 'complementary' probes leads to the tightest constraints on cosmological parameters [33] [34] [35] [36] .
Moreover, as indicated above, we can hardly be certain that the specific parametrization of the EoS chosen, or even the choice of the physical model causing the acceleration is correct. In that light, probing the observable effects of dark energy in terms of different physical aspects is even more important. A tension between constraints computed from different subsets of available data may be indicative of an incorrect parametrization [37] , or even an untenable choice of a physical model. Traditionally, the main observations used to constrain cosmological parameters have pertained to the apparent magnitudes of Type IA supernovae, the power spectrum of anisotropies of the Cosmic Microwave Background (CMB), and the power spectrum of inhomogeneities in the matter distribution (matter power spectrum). The constraints from the supernovae relate to effects on the geometry of the universe due to dark energy through the changes in the background expansion. The CMB and matter power spectrum constraints stem mostly from a measurement of the geometry through the angular location of peaks of the anisotropy power spectrum and the peak positions of the Baryon Acoustic Oscillations (BAO), but also its effects on the growth of perturbations through the magnitude of the power spectrum. Current status of the parameter constraints on the basis of recent CMB, LSS, SNE observations can be found in [38] [39] [40] . Further, the use of observations of clusters of galaxies and weak lensing can be used to measure the growth of perturbations. It is therefore important to use probes of different aspects of cosmic evolution for constraining the cosmological parameters and models. From the viewpoint of both these perspectives, new probes for studying dark energy parameters are invaluable.
In the above mentioned probes of the growth of cosmic structures, one studies the dependence of the dynamical growth of fluctuations on the cosmological parameters through the dependence of the growth of the amplitude (ie. size) of the fluctuations on the cosmology. However, in standard cosmology, while the fluctuations are stochastically isotropic, the individual fluctuations are not isotropic. Thus, a measure of the anisotropy and the time evolution of such measures can depend on cosmology in a distinct way. Consequently, this may be used to further constrain cosmological parameters. One expects that the signatures of anisotropic measures in observations would be related to the shapes of observed structures. Studying the evolution of shapes of high density regions (observable as galaxies or galaxy clusters at late times) and comparing with theory (eg. [41] ) is difficult because this requires high resolution numerical simulations capturing the nonlinear evolution of these systems. This difficulty can be avoided to a large extent by studying voids using semi-analytic methods. Therefore, the shapes of voids can be used to probe cosmology through the evolution of the anisotropy of fluctuations during cosmic growth.
Park and Lee [42, 43] identified the probability distribution of a quantity which they called ellipticity [80] related to the eigenvalues of the tidal tensor. They showed that the distribution was sensitive to the dark energy equation of state. Besides, they stated that the ellipticity could be derived from a catalog of galaxies, identifying voids of different sizes and measuring their shapes, and the distribution was verified using results from N-body simulations. This ellipticity is an example of a measure of anisotropy of individual fluctuations. The comparison of the probability distribution can provide complementary constraints on dark energy parameters if its cosmology dependence is different from other probes. We will not require new probes to study constraints from voids, rather one can study them using probes designed to study large scale structure in conventional ways, thereby allowing for better leveraging of data. Voids may be detected by the use of different void identification algorithms [44] [45] [46] [47] [48] , which find voids using different characteristics, and may be considered to be different definitions of voids. Properties of voids have been explored in 2dF [49] in SDSS [50, 51] . The shapes and sizes of voids in the SDSS DR5 have been explored in Foster and Nelson [52] .
The main objective of this paper is twofold: (a) we want to quantify the potential of using void ellipticities to probe the nature of dark energy in terms of constraints on dark energy parameters, (b) and to clarify the model assumptions that are important for this procedure, which should be verified, or modified according to results from simulations. This paper is organized as follows: In Sec. II we review the idea that the shapes of voids can be quantified in terms of asymmetry parameters that can be related to the tidal tensor. We discuss the initial distribution of eigenvalues of the tidal tensor, and their evolution to study the evolution of the asymmetry parameters of voids and their dependence on the underlying cosmology. There are different theoretical choices of models to approximate the non-linear evolution of the initial potential field to observable void ellipticities. We discuss two different choices in the appendix and show that our results are insensitive to these choices. In Sec. III, we discuss the parameters from the surveys considered and our method of estimating the number of voids identified from these surveys. In Sec. IV, we write down a likelihood and explicit formulae for the Fisher matrix and use them to forecast constraints from these surveys. We also study how the constraints are degraded by systematic issues. We summarize the paper and discuss our outlook in Sec. V.
II. THEORY
In this section, we outline the basic idea of using asymmetry parameters describing the shapes of voids in estimating cosmological parameters. The anisotropy of fluctuations may be captured by studying the eigenvectors and eigenvalues of the tidal tensor, which may be visualized as an ellipsoid with its principal axes along the eigenvectors of the tidal tensor, and sizes of the principal axes equal to the eigenvalues of the tidal tensor. At early times, the distribution of these eigenvalues at any point in space is known, and their evolution can be studied by semi-analytic methods. Therefore, the distribution of these quantities may be computed theoretically and it is desirable to find observational signatures of this distribution. Voids form around the minima in the density field of matter. The void geometry may be approximated by an ellipsoidal shape, which we shall refer to as the void ellipsoid. The central idea of Park and Lee [42] is that the shape of the void ellipsoid as quantified by relative sizes of its principal axes is set by the geometry (functions of the eigenvalues) of the tidal ellipsoid and these should be strongly correlated. This implies that the ellipticity measured from the geometry of voids can be used as an observable for specific functions of the eigenvalues of the tidal tensor. Observations of void shapes at different redshifts can then be used to trace the evolution of the stochastic distribution of these eigenvalues of the tidal ellipsoid at different redshifts. This contains dynamical information that may be used to constrain cosmological parameters.
We briefly describe measures of ellipticity of the void ellipsoid and their connection to the eigenvalues of the tidal ellipsoid in subsection II A: this specifies the functions of the tidal eigenvalues that are constrained by the void shapes. We then describe the distribution of eigenvalues of the initial tidal tensor appropriate to an observed void in subsection II B. Then, in appendices B and C, we study the time evolution of the initial eigenvalues using two different approximations, and find them to be consistent.
A. Relating the Asymmetry Parameters to the tidal tensor
To describe the dynamics, we choose the comoving coordinates of particles (or galaxies) as the Eulerian coordinates x, while the Lagrangian coordinates are taken to be q, which are approximately the 'initial' Eulerian coordinates at some chosen large redshift. The two coordinates are always related through the displacement field Ψ( q, τ ).
While the solution Ψ( q, τ ) describes the dynamics completely, partial aspects of the dynamics may be described by other measures. The asymmetry of the fluctuation can be understood in terms of the eigenvectors and eigenvalues of the tidal tensor
∂qj . This can be visualized as an ellipsoid, which we shall refer to as the tidal ellipsoid, with principal axes along the eigenvectors of the tidal tensor with sizes equal to the eigenvalues. For a spherically symmetric fluctuation, these eigenvalues are equal, while the departure from spherical symmetry may be characterized by different choices of functions of ordered eigenvalues of the tidal tensor. (See Appendix A for some other popular choices in the literature.) This was recognized and used in correcting for ellipsoidal collapse of halos rather than spherical collapse in Press-Schechter like estimates of the mass function of dark matter halos [53] [54] [55] . From a theoretical side, we can describe the evolution of the distribution of these eigenvalues. Therefore, it is these dynamical quantities that we are interested in, even though they are not directly observable.
We will next proceed to describe observable quantities which relate to the shape of the voids, and then show how functions of those observables trace functions of these dynamical quantities. Since voids form around minima of the density fields where the gradient of field vanishes, one can approximate the density profiles around the minima by truncating the Taylor expansion at second order. This gives density profiles that are ellipsoidal in shape. One may expect voids to inherit this shape, and therefore be approximately ellipsoidal. In fact, voids have often been modeled as spherical (eg. [56] ), while others have argued that the shapes of larger voids fit ellipsoids well only for smaller voids [57] . For irregularly shaped voids (obtained by suitable void identification algorithms), one can define a void ellipsoid by fitting a moment of inertia tensor to the positions of observed void galaxies x in Eulerian coordinates relative to the void center
where the index k runs over the observed galaxies in the void region, and N is the number of galaxies fitted. The void ellipsoid can be defined as the ellipsoid with principal axes along the eigenvectors of this mass tensor, and lengths proportional to the square root of the eigenvalues {J 1 , J 2 , J 3 }. Here, we shall ignore the discrepancy between the actual shape and this void ellipsoid. Following Park and Lee [42] (see Appendix. C of Lavaux and Wandelt [58] for a calculation to first order), one can relate the eigenvalues of the tidal tensor {λ 1 , λ 2 , λ 3 } to the functions of the ratio of eigenvalues of the void ellipsoid which were called ellipticity. Accordingly, the ellipticities {ǫ, ω} of the void ellipsoid are to first order
Clearly, this relation will be affected, at least to some extent, by more detailed dynamics. This would lead to ǫ measured from data sets on voids being correlated with the functions of {λ i } with some scatter. In computing parameter constraints, we shall account for this in terms of a variance in the quantity ǫ which also contains contributions from observational errors. We shall assess the impact of this assumption of the void shapes being perfect tracers of the eigenvalues by studying the degradation of constraints on increasing the variance in our study of systematics in Section. IV C.
B. Distribution of Initial Eigenvalues of the Tidal Tensor
An observed void evolves from a fluctuation of low underdensity at early times when the distribution of fluctuations was Gaussian. Given a void of a given density contrast, at a particular redshift, we wish to calculate the distribution of eigenvalues of the tidal tensor of the initial fluctuation.
At early times, the fluctuations are small enough, their growth can be described by linear perturbation theory, and the distribution remains Gaussian. One can use the statistical properties of filtered isotropic and homogeneous Gaussian fields to derive a probability distribution of the ordered eigenvalues of the tidal tensor given by the Doroshkevich formula.
where
R is the variance of the smoothed overdensity field at the filtering scale R at that time. Note, that this gives the distribution of the size of the eigenvalues over all spatial points. This distribution is extremely similar but slightly different if restricted to the maxima of the Gaussian field [59] , or the minima of the Gaussian field [58] which should evolve to voids. For the small fluctuations, one can use the Jacobian of the transformation from Eulerian to Lagrangian coordinates to show that the sum of the eigenvalues K 1 can be identified with the density contrast.
It should be noted that this distribution depends on the filtering scale R Smooth as a parameter while the size of voids is not important. This is appropriate for comparison with a dataset of voids obtained from redshift surveys by means of an algorithm which uses a filtering scale as a parameter, rather than the void size. This is true for a class of algorithms that define voids as regions of space where the smoothed matter density is a minimum (eg. [58, 60] ) with the smoothing scale R Smooth being a parameter, with the actual size of voids not being crucial to the definition. On the other hand there are Void Finding algorithms which define voids as the largest contiguous underdense regions, obtained by some form of clustering algorithms. A corresponding parameter here is the size R of the voids related to the void volume by R 3 ≡ 3V 4π , while the smoothing scale is not crucial. While each algorithm might yield slightly different properties of voids, it would be expected that they are not too different. In Appendix B, we show that a calculation based on the generalized excursion set formalism can be used to calculate the distribution of eigenvalues of an initial fluctuation that evolves to form a void of size R. The result of this calculation supports the above result.
C. Evolution of the Tidal Eigenvalues
At low redshifts, gravitational collapse introduces non-linearities into the evolution leading to nonGaussian distributions of the density field. Thus, the distribution of the tidal eigenvalues of the previous subsection which assumed Gaussianity are not directly applicable. We study the evolution of these eigenvalues with time in two different methods, one based on the Zeldovich approximation and one based on Bond and Myers [61] .
It is well known that non-linearity is manifested much less in the displacement field or the gravitational (and the related displacement) potential than in the density field. Therefore before shell-crossing, the evolution of structures from initial condition may be described by the Zeldovich approximation, where the displacement field is assumed to be separable into a time dependent and time independent part. Ψ(q, τ ) =
where D(τ ) is the linear growth function. Hence, at a particular spatial point, its eigenvalues λ i (τ ) at time τ evolve linearly from the eigenvalues
Rewriting the early time eigenvalues in the Doroshkevich formula (Eqn. 3) in terms of the eigenvalues at time τ, one can then find a distribution of eigenvalues at any time to be given by the Doroshkevich formula where the σ R is replaced by D(τ )σ R /D(τ 0 ), the linearly extrapolated variance over the Lagrangian smoothing scale R. The formula is exactly the same as Eqn. 3 with the variance σ 2 R being replaced by the linearly extrapolated variance σ 2 (R, z), and λ i replaced by the eigenvalues at the redshift of the void. Further, since the sum of the eigenvalues K 1 at early times was equal to the density contrast at that time, the term K 1 is equal to the linearized density contrast of the time of the void
In regions of high density peaks where structure forms, it has been found that modeling the density growth as a collapse of a homogeneous ellipsoid leads to a better approximation to N body simulations. It is unclear whether this should also be true for low density regions like voids. In Appendix C, we study the evolution of the eigenvalues of the tidal tensor based on ellipsoidal collapse [61] and find the differences with the evolution computed using Zeldovich approximation to be small.
D. Cosmology Dependence of the Distribution of Ellipticity
Therefore, using the Zeldovich approximation, one can write down the probability distribution of the eigenvalues of the tidal tensor at any time. Further, using the relations of the ellipticities of the void (Eqn. 2) and the relation of the linearly extrapolated density contrast to the eigenvalues {λ 1 , λ 2 , λ 3 }, one can recast this as the joint distribution of the ellipticities {ǫ, ω} given the smoothing scale and the linearly extrapolated density contrast. Following Park and Lee, we define µ, ν and write the probability distribution for the larger ellipticity ǫ
are the values of K 2 , K 3 in Eqn. 3 in terms of µ, ν when the constraint of Eqn. 4 holds, and J is the Jacobian in the transformation from the coordinates {λ 1 , λ 2 , δ lin } to {µ, ν, δ lin }. This last equation gives the probability distribution of the larger ellipticity ǫ marginalized over the smaller ellipticity ω. It depends on the cosmology only through the linearly extrapolated variance σ 2 lin (R, z) of density fluctuations δ(x, z) smoothed at a certain filtering scale R by a window function
where D(τ ) is the growth function and σ R is evaluated at early times. For qualitative understanding, it is useful to think of the variance depending on cosmology through σ R which depends on the primordial power spectrum and the wave mode dependent transfer function, and the subsequent scale independent growth described by the growth function D(τ ). While the transfer function depends on most of the cosmological parameters, in most models dark energy does not become significant at early times. Therefore most of the effects of dark energy are embedded in the growth function. Closed analytic forms for the growth function are not known for non-flat cosmologies, with time varying equations of state dark energies, but Percival [62] improves upon a fit to the growth function by Basilakos [63] , so that the fit works for non-flat cosmologies having dark energy with time varying equation of state as long as they are close to flat LCDM models, even when the equation of state is less than -1. If we consider the CPL parametrization
we see in the left panel of Fig. 1 that the growth function changes more dramatically as a function of w 0 than for w a for redshifts below unity. Thus, we expect, that constraints from voids in these redshift ranges should be stronger on w 0 than on w a . From the right panel of Fig. 1 , we can see the effect of the filtering scale R on the distribution. Since σ lin (R, z) is a monotonically decreasing function of R, a larger filtering scale (a) shifts the distribution towards smaller values of ǫ, and (b) sharpens the distribution. This is consistent with intuition based on previous studies [64] [65] [66] . Leaving all other variables the same, increasing R corresponds to excluding the smaller voids. Since the variation of possible values is caused by the variance in the Gaussian distribution, a smaller value of σ lin (R, z) also corresponds to a sharper distribution.
In this paper, we shall assume that all voids are found at a linearized density contrast of δ lin = −2.81, the underdensity at shell crossing. We shall compute σ lin (R, z) directly from numerical integration of the smoothed density fluctuations evolved by a modified version of the Boltzmann code CAMB [67] . 
III. DISTRIBUTION OF ELLIPTICITY: CONNECTING TO OBSERVATIONS
A. Estimate of Voids to be found from a survey
Next, we proceed to estimate the number of voids that we expect to find in a certain survey. We model a survey by considering a redshift survey, which can measure the redshifts of the galaxies up to a limiting visual magnitude of m L in a given filter and from a minimum redshift of z min to a maximum of z max . In case of photometric surveys, the errors in redshift can be much larger, leading to errors in the size of the ellipse along the line of sight, consequently the distribution of ellipticities will have to be marginalized over this error. Here, we will limit our considerations to spectroscopic surveys, where the error in measuring the redshift of the galaxies ∼ 10 −4 is negligible.
In order to estimate the number of voids of a particular size at a particular redshift, we use the PressSchechter formalism to determine the number density of voids in a redshift bin centered at z, with Eulerian comoving radius between R E and R E + dR E . Simulations indicate that the number density of voids peaks at a density contrast of δ ≈ −0.85 [42] , we shall consider all the voids to have a density contrast of 0.8, which can be seen to correspond to a linearly extrapolated density contrast of -2.81 using the fitting function in Mo and White [68] . While the usual Press-Schechter formalism matches simulations well at redshift ranges below ≈ 2, it fails to predict the number of voids correctly at small scales due to the 'void in cloud problem' , which can be avoided if at each redshift, we restrict ourselves to scales larger than the non-linearity length scale (Lagrangian) R V inC min (z) where σ(R V inC min (z), z) = 1 [69] . Then, the Press-Schechter formalism reliably predicts the number of voids with the replacement δ c = 1.69 → δ v = −2.81 in the standard Press-Schechter formalism [70] . The number of voids of a particular size can then be found by integrating over the cosmological volume in the redshift bin, and over the range of radii allowed.
where P (y) = 1 2 exp(−y 2 /2). The number density of voids thus depends exponentially on σ R and therefore the number of voids is extremely sensitive to the minimum radius used. Since voids are detected by observing galaxies rather than the matter density, the number of voids detected with small radii will be strongly affected by shot noise (discussed in subsection IV C). We therefore only consider voids with radii greater than a critical radius R ≥ R shot min (z,Survey). For our purposes then, the minimum of the range of radii of voids at a redshift z considered must be set to the maximum of R V inc min (z) and R shot min (z, Survey).
We now explain our method for computing R shot min (z, Survey), from the parameters for a survey. The minimum radius of voids that we will consider should be related to the average separation of galaxies observed l sep (z) at the redshift z by the survey in question. We choose this relationship to be linear R shot min (z,Survey) = Al sep (z), and relate the average separation to the average number density of observed galaxies n bg gal (z) at that redshift for the survey. A choice of A = 2 implies that the probability that a detected void is just due to shot noise is less than 0.5 percent while such a scenario for A = 1 is of the order of 50 percent, though void identification algorithms can do better, since they can exploit the contrast between voids and their higher density environments. In any case, the interesting regime is in between these numbers and we shall later explore the sensitivity of constraints to this range.
This background number density of observed galaxies n bg gal (z) can be related to the survey parameters. The mean number density of galaxies in the background universe can be calculated from the luminosity function [71] of galaxies at the filter band used in the survey by,
where Φ X is the luminosity function for the filter X and M L is the limiting absolute magnitude of objects at redshift z which are observed by the survey. It can be calculated from the limiting apparent magnitude of the survey m L by using the formula,
Here D L (z) is the luminosity distance to the redshift z in units of pc, A(z) is the correction due to extinction and K(z) is the K correction arising from the difference in the observed luminosity of and the rest frame luminosity of an object in a particular frequency band due to redshifting of photons. We note that R V inC min depends on the cosmology, but is independent of the survey, while R shot min (z, survey) also depends on the survey through the filter band, and the limiting magnitude. A plot of R noise min and R V inC min for surveys considered in this paper is shown in Fig. 2 . Thus, our estimate of the number of voids identified by each survey depends on the cosmology, the value of the proportionality constant A and the survey parameters. min , while the solid thin (thick) curves show the (twice) the average separation of observed galaxies for a SDSS DR7 like survey (left) and a EUCLID like survey (right). At a particular redshift, we only consider voids with sizes larger than both these scales. 
IV. RESULTS

A. Likelihood function and Fisher matrix
In order to study the potential constraints on cosmological parameters, we need to write down a simple model for the data. We assume that by applying appropriate simulation algorithms, we can identify a set of voids at each redshift bin corresponding to a particular smoothing scale. We expect to measure the ellipticities of each of these voids with some error. We model the error as an additive Gaussian noise n on the ellipticity ǫ s :
ǫ s itself is a random variable following the distribution of the ellipticities at the relevant redshift. Then we can write down the likelihood function, which is the probability for finding a void with a measured largest ellipticity ǫ d given the cosmological parameters
One expects that the error in measuring the ellipticities will be set by the errors in measuring the principal axes of the void ellipsoid. For a spectroscopic survey, the positions of galaxies are well measured. Ignoring effects of redshift distortion/finger of god effects the precision level of the measurement of the principal axes would be set by the errors in the void finding algorithm. Of course, this will be limited by the relative sizes of the void wall thickness to the void radius ∆. For ∆ ∼ 0.1 − 0.4, ǫ ≈ 0.2 around the maximum for standard cosmological parameters, the error in ǫ is of the order of 0.1. The errors in the measurement of each void is statistically independent. Thus the likelihood function for an entire data set consisting of voids at different redshifts can be computed as the product of Eqn. 12 for each void. Consequently, the log of the likelihood function L(ǫ d |Θ) is additive for each void. Given the likelihood function for a single void, one can compute the Fisher matrix F defined as an expectation over all possible sets of data,
where all the derivatives are taken at a fiducial choice of the cosmological parameters Θ p . Since, in our model the error in measuring the ellipticity is independent of the cosmological parameters, and the ellipticity depends on the cosmological parameters through the variance of the fluctuations σ 2 R only, we can factorize this into a matrix of mixed partial derivatives of σ R with respect to the cosmological parameters, and the derivatives of the log likelihood with respect to σ R . We evaluate both of these derivatives numerically. The main contribution to the derivatives comes from the regions where the probability is smallest. However, these contributions are suppressed in the expectation values, since these regions have low probabilities. Finally, we must sum this contribution for the Fisher matrix over all the voids in the data set. The result thus depends critically on the number of voids in the data set.
B. Forecasts of constraints on the CPL parameters
We consider Fisher forecasts for a cosmology with the non-baryonic matter assumed to be cold, neglect effects of neutrino masses and parametrize the evolution of the dark energy equation of state with a CPL parametrization. The primordial perturbations are assumed to be Gaussian distributed, and characterized by a spectrum which is a power law with an initial amplitude A s , and a scale independent tilt n s . The distribution of ellipticities depends on both the amplitude of primordial perturbations, and the spectral index through the dependence of the variance on the scale of smoothing. As is well known, these quantities A s , n s are not exactly known, and have a degeneracy with τ, the optical depth of reionization. Further, the constraints on the equation of state parameters can depend strongly on the knowledge of the curvature parameter [40] . We therefore consider forecasts for constraints on the CPL parameters w 0 , w a after marginalizing over all other cosmological parameters from a maximal set shown in Table. IV B, along with the fiducial values used for computing the Fisher forecasts.
All of these parameters are not well constrained by a single experiment. Consequently, we shall consider Fisher forecasts using ellipticity distribution of voids from two spectroscopic surveys: the recent SDSS DR7 and the futuristic EUCLID with the survey parameters assumed summarized in Table. III A. We will assume A = 1, σ ǫ = 0.1. Following the work in [58] , we will identify the smoothing scale as being a quarter of the radius of the void. For CMB constraints, we will consider Fisher forecasts computed from PLANCK [81] The expressions for the Fisher matrix for CMB data are given in Tegmark et al. [34] . The survey parameters for PLANCK are taken from the Table. 1.1 of the PLANCK Bluebook [72] , and are summarized in Table. III. We consider Fisher forecasts of Supernovae from two surveys: for a survey like Dark Energy Survey the number of supernovae expected is of the order of 1300, and the maximum redshift is around 0.7. We model this with a redshift distribution taken from [73] designed to be cut off at z=0.7, and assume perfect measurement of redshift, due to plans of spectroscopic follow-up. The errors in the magnitude are assumed to be of the order of the intrinsic dispersion from light curve fitting techniques today (0.15). We also consider a futuristic photometric Supernova IA survey LSST [74], where about 500,000 SNe IA suitable for constraining dark energy parameters could be observed. We model the errors by assuming magnitude errors of the order of 0.12 from intrinsic dispersion, and photometric errors in redshift determination of the order of ∆z = 0.01(1 + z), and assuming that this adds an error dm dz ∆z in quadrature to the intrinsic dispersion. We use the redshift distribution in Table 1 .2 of the [74] to model the redshift distribution of the LSST survey.
In Fig. 3 , we present the constraints on the equation of state parameters w 0 , w a by combining constraints for two sets of data (a) data representative of current or near future (left panels), and (b) data representative of more futuristic data (right panels). The forecasts for one sigma constraints using void ellipticities + CMB + HST are shown in open circles, assuming A = 1. The error in measuring the ellipticities σ ǫ is taken as 0.1. The ellipses made of black "+" show the constraints for SNe + HST +CMB (PLANCK). The solid, thick, blue ellipses show the constraints when these constraint are combined (CMB (PLANCK) +SNE +HST + 
Comparison of forecasts on one σ constraints on the CPL parameters with standard probes using the identification R Smooth = R V oid /4, A = 1, and σǫ = 0.1: for data from the near future (left panels) and futuristic data (right panels). PLANCK and HST priors were used in all of these forecasts. For reference, we show the current constraints [40] in the thick green contours, and forecasted constraints from clusters (number counts and power spectrum) + PLANCK taken from [75] . Voids). In the left panels of the figure, the voids considered are from a survey like SDSS DR7, and the SNe considered are from a survey like DES. In the right panels the voids considered are from a futuristic survey like EUCLID, and the SNe are from a futuristic photometric survey like LSST. The upper panels show the constraints marginalized over all other parameters in the maximal set, while the lower panels show the marginalized constraints for a flat universe. For reference, we show the thick, green contours showing the one sigma constraints from current SNe (Union) + HST + CMB (WMAP 5) data from [40] . For the flat universe in the lower panels , we also show the constraints from CMB (PLANCK) + HST + Clusters (Power spectrum + Number counts) from [75] . In the lower left panel the Clusters considered from the SPT survey, while the lower right panels show the constraints from clusters from LSST.
Firstly, these figures show that the inclusion of constraints from void ellipticities significantly improves parameter constraints and the constraints from Voids along with CMB and HST data are comparable to the joint constraints obtained by using Supernovae IA, CMB and HST data both in the near future and the far future. As is common, following Albrecht et al. [30] , we quantify this in terms of a Figure of Merit (FoM) which is inversely proportional to the area of the two sigma contours (ie. proportional to the inverse of the determinant of the w 0 , w a submatrix of the inverse of the Fisher Matrix). We calculate the FoM relative to the FoM without voids for each of the upper panels:
where experiments refer to the combination of experiments we consider the FoM for, and the SNE experiments in the numerator refer to the DES for the left panel, and LSST for the right panel. The relative FoM for these results are shown in IV (for A = 1, σ = 0.1). We see that the constraints with the use of (Voids + CMB + HST) is not good as, but somewhat comparable (Relative FoM =0.6) to the constraints due to (SNe + CMB + HST), but adding the void constraints to the SNE +CMB +HST data offers a moderate gain (FoM = 13.3). For the futuristic case, the use of (Voids + CMB + HST) is is better than the corresponding (CMB + SNe +HST) data (FoM=70.4), while combining these constraints improves the FoM by a factor of 2500.
We should stress that even the results for the SDSS DR7 survey (with a relative FoM of 0.6) are promising, because they are a different way of probing the dynamics and therefore can be potentially useful in determining consistency of the underlying cosmological model. Clearly the addition of void ellipticities as an observable for parameter estimation increases our knowledge of the cosmological parameters in other cases.
C. Study of Possible Systematics
While we have shown that our forecasted constraints are extremely promising, we have used order of magnitude calculations often based on first order results in semi-analytic models. By doing N-body simulations of large scale structure it is possible to replace these by more accurate calculations, and use it for estimating cosmological parameters. This would be the goal of future work in this direction. But is it possible that when such a rigorous analysis is carried out the constraints might get terribly degraded and not be interesting any more? The objective of this subsection is to address this concern by trying to list the major assumptions that would need to be replaced in a rigorous calculation, and trying to obtain a sense for how far these constraints might be degraded. We discuss the basic assumptions and explain how we might expect these factors to affect the forecasts.
(a)Effects of Shot Noise on the Number estimate of Voids: Our constraints are obviously dependent on our estimate of the number of voids that would be detected in a particular survey. Thus, regions of space which are not true voids but get misidentified as voids would cause a spurious enhancement of signal. Recall that voids have been defined as regions of space where the total matter density is low (or minimum) but are identified by the low density of galaxies which are biased baryonic tracers of the density field. The lack of direct knowledge of the dark matter density field is often addressed in the context of the Poisson Sample Model, where density contrast of galaxies is described as a Poisson point process with a mean density proportional to the dark matter density. Thus, there is a chance of identifying a region which has low density of galaxies but not dark matter as a void. Consequently, due to shot noise, one can only confidently infer a region of low galaxy density to be a void if the region is large relative to the average separation Degradation of constraints due to low efficiency of the void finder with the constraints shown in Fig. 3 assuming high efficiency from the near future (left panel) and futuristic data (right panel). HST and PLANCK constraints were used in all these plots.
−1/3 of visible galaxies at that redshift. This means that small voids might not really be voids, and the problem is exacerbated by the fact that the number of voids increases exponentially with smaller sizes of voids. A sophisticated treatment of this problem would associate a probability to describe the confidence of detection (for example as in Neyrinck [47] ) and incorporate that in the Likelihood. We use a rough model to estimate the importance of this effect by only choosing a minimum radius R shot min (z, survey) of voids related to the l sep (z) as discussed before. A larger value of A results in a larger values of l sep (z) which leads to a higher threshold for the minimum size of voids observed in the survey. Since the minimum radius of voids is set by the maximum of this survey dependent R shot min and the survey independent R V inc min (Void in Cloud), this changes the numbers of voids strongly where R shot min is much smaller than R V inc min . We therefore compare the constraints for a pessimistic value of A = 2 to the constraints obtained in Fig. 3 with A = 1. In Fig. 4 , we show the Fisher forecasts for values of ∆ assuming the same value σ ǫ = 0. Degraded constraints on voids due to marginalization over a linear scale independent bias compared to constraints shown in Fig. 3 for data from the near future (left panel) and futuristic data (right panel). HST and PLANCK priors were considered for all of these plots. right panel. Clearly, while the constraints change, there is no severe degradation due to shot noise for the case based on DR7 survey, while this is somewhat important for the case based on EUCLID. We summarize the degradation in terms of a relative FoM in Table. IV.
(b) Bias: Since the observations pertain to galaxies rather than the dark matter distribution, we have no direct knowledge of the dark matter distribution even though the galaxy distribution and dark matter distribution are correlated. The qualitative understanding of the situation is that galaxies form due to the collapse of baryons into gravitational potential wells of collapsed dissipation-less dark matter. The simplest popular idea of linear scale independent bias models this by assuming that locally, the dark matter density contrast δ g is proportional to the the total matter density contrast δ m , and the constant of proportionality is called the bias b. Bias different from unity affects our forecasts in two ways: (i) first, the Lagrangian radius of the void is estimated incorrectly as a function of δ g rather than δ m . This leads to the use of a variance σ R on the incorrect scale, and second (ii) since we use the probability distribution of the eigenvalues conditioned on the density contrast of the voids, this changes the distribution of the eigenvalues. To address the issue of bias, we recalculate the forecasts by adding an extra parameter, the bias b to our set of cosmological parameters and marginalize over b as a nuisance parameter. The Fisher constraints for the near future are presented in the left panel of Fig. 5 , while the right panel shows the constraints for the far future. In both cases, the red open circles show the constraints of Voids + PLANCK + HST from the upper panel of Fig. 3 , while the solid thin black line shows the constraints from Voids +PLANCK + HST +SNE, where it was assumed that b = 1. The green open squares show the corresponding constraints for Voids + HST + PLANCK, and the thick blue solid ellipses show the constraints for Voids + HST +PLANCK + SNE, when the bias is marginalized over. Fig. 3 with other prescriptions. PLANCK and HST priors were used in all these plots. The other prescriptions lead to better constraints (c) Void Selection Prescription While the eigenvalues of the void ellipsoid are expected to trace the eigenvalues of the tidal ellipsoid, the eigenvalues themselves are stochastic quantities and the connection to theory comes from studying the distribution of these eigenvalues. Hence it is important to select a set of voids from the data that will accurately reflect the theoretical distribution computed. As discussed in Colberg et al. [48] , the void finders available use different methods to identify voids, and these result in different definitions of voids. A number of these void finders are based on demarcating contiguous regions of space of different shapes through some variant of a clustering algorithm, while other void finders like Lavaux and Wandelt [58] identify voids from a density field smoothed at a particular length scale. On the theoretical side, we can compute the probability distribution of the eigenvalues of the tidal tensor analytically through the Doroshkevich formula Eqn. 3, which we use in the computations here, which is the distribution valid at all points in space rather than at voids in particular. One may also compute the distribution of the eigenvalues (i) for a void of size R identified with the size of the fluctuation at shell crossing as shown in subsections II B and II C, or (ii) at the minima of the density field when smoothed at a particular length scale (eg. see Appendix B of Lavaux and Wandelt [58] ). Both of these are not analytic estimates, but they can used to construct samples of the eigenvalue distributions using Monte Carlo methods and lend themselves naturally to use with the two classes of void finders respectively. The use of computationally intensive Monte Carlo is beyond the scope of this paper based on Fisher estimates. Instead we use the analytic Doroshkevich formula which was shown to be close to both of these distributions, but this requires us to identify the set of voids that correspond to the voids obtained by smoothing the density field at a particular Lagrangian scale R Smooth . If we find a set of voids at a particular redshift of a set of different sizes, how can we identify what smoothing scale these voids correspond to? Given a set of point particles in space, we understand the action of smoothing: it tends to homogenize the field at scales below the smoothing scale. Thus, one may expect that on smoothing by a scale R Smooth , one will be left with voids with distribution such that there are few voids of size below ≈ R Smooth , while the smoothing operation may slightly modify the shapes and sizes voids of larger size. At a particular redshift, the probability of forming large voids is much smaller than forming smaller voids. Consequently, the distribution of sizes of voids when the density field is smoothed to a scale R Smooth , should be peaked at ∼ R Smooth . From simulations used in Lavaux and Wandelt [58] , it appears that the distribution of the number of voids with radius R in a density field smoothed by a filter of size R Smooth , is peaked at R ≈ 4R Smooth and falls off rapidly above that. While this inspired our choice for identification of voids, it is important to keep in mind that the distribution depends on the cosmological parameters through σ lin (R, z). Consequently using an inaccurate selection criterion for voids can introduce biases in parameter estimation, and the correct prescription may also change the errors and constraints. In order to get a sense for how severely the constraints might be degraded when this is done, we compute the constraints for three different prescriptions of identification the set of voids and compare how far the constraints are degraded in different cases that suggest themselves. From the right panel of Fig. 1 , we see that the distribution gets broader for larger values of σ R . Since this corresponds to lower theoretical predictability, we should expect the parameter constraints to get degraded as the filtering scale R becomes smaller. On the other hand, this will lead to a larger number of voids since there are many more smaller voids.
One may expect that when the density field is smoothed at R Smooth , a non-negligible fraction of the voids have radii between R Smooth and 4R Smooth . We can therefore use a different limit R = R Smooth in accordance with our calculations using the generalized excursion set formalism in subsection. II B. Finally, if we assume that all voids larger than a particular smoothing scale would be found, we can take R Smooth = M in({R}) found in that redshift bin. This is similar to the method adopted by Lee and Park [43] . The corresponding constraints are shown in Fig. 6 . The red open circles show the constraints shown in Fig. 3 (d)Sensitivity to Error Levels As discussed before, in our method of forecasting for Fig. 3 , we have used a Gaussian Likelihood with an error σ ǫ = 0.1 assuming that its order was set by the uncertainty of measuring the void size which was limited by the size of the void shell (if ∆ ≈ 0.4). Indeed, this seems larger than the values of the error levels computed in section 5.3.2 of Lavaux and Wandelt [58] . Further, in our analysis, we have assumed that the ellipticities of the mass tensor of voids are perfect tracers of ellipticity of the tidal tensor. More realistically, there would be some scatter around the correlation as shown in section 5.2 of Lavaux and Wandelt [58] . It is quite possible that scatter of this kind, or the assumptions that we have made might increase the level of error bars on ǫ quantitatively. Therefore, we investigate the sensitivity of the constraints to the value of σ ǫ , the error to which the ellipticity was assumed to be measured. We show these constraints in Fig. 7 , where the contours with red open circles show the constraints using Voids + PLANCK + HST shown in the upper panels of Fig. 3 fluctuations are not individually isotropic, there is further information about the cosmology in the growth of asymmetry of the structures which could be extracted from its shape. Such a quantity parametrizing the shape of voids and its evolution was studied in Park and Lee [42] , Lee and Park [43] . The basic idea is that void shapes can be approximated as ellipsoidal structures, and relative sizes of the principal axes can be used as tracers of functions of eigenvalues of the tidal ellipsoid. In a spectroscopic survey, all three axes of the void ellipsoid may be measured, and thus asymmetry parameters which describe the shape of the ellipsoid are related to the quantities involving the eigenvalues of the tidal tensor, which depend on the background cosmology through the linearly extrapolated variance in fluctuations. Such spectroscopic surveys have been planned for studying large scale structure using traditional methods; thus the use of shapes does not necessarily require new surveys, but allows one to leverage data in an additional way. Lavaux and Wandelt [58] show that recovering the the tidal ellipticity of voids to high precision is indeed feasible. To do so, they identify voids and characterize the void tidal ellipticity using the simulated galaxy positions derived from a numerical simulation. These derived ellipticities are then compared to the tidal ellipticity of the complete displacement field given by the simulation.
In this paper, we study the constraints on dark energy parameters from future surveys in terms of Fisher forecasts. The likelihood is a strong function of the linearly extrapolated variance of fluctuations at the redshift of the void at the scale of the Lagrangian size of the void. Since voids expand in comoving coordinates, their Lagrangian size is smaller than their observed (comoving) size, and this corresponds to a larger variance. variance at a smaller scale than the observed void size. We assume an error model with Gaussian noise on the measured ellipticity of the voids, and an arbitrarily assumed error on the ellipticity. We provide explicit formulae for Fisher matrices, and an estimate of the number of voids expected to be found from planned future surveys using semi-analytic methods. By comparing these Fisher constraints using void shapes from these surveys to the traditional constraints from other measures, we find this method to be promising: the constraints are quite competitive with traditional probes in the near future and combining the constraints with supernovae data improves the DETF Figure of Merit for the supernovae data by a factor of about ten. For futuristic data, we find that the constraints are close to ten times better than supernovae data, and combining with supernovae data, we can improve the FoM by a factor of a few hundred.
We have used the Doroshkevich formula for the ellipticity throughout, but it has been shown [58] that the distribution of ellipticity for a minima in the density field is slightly different. In actual parameter estimation, we will have to account for this. We shall also have to use the scatter in the correlation of the ellipticity of the void ellipsoid with the real shape of the tidal tensor as obtained from specific void identification algorithms. An issue we have not addressed here is the ellipticity of voids that can be generated due to redshift distortions [76, 77] which would have to be modeled to obtain unbiased parameter constraints from voids.
The Fisher constraints are computed using simple models of dynamics and a likelihood. For estimation of parameters, each of these would need to be computed precisely. In the subsection IV C, we discuss some of the main sources of errors and ambiguities in our forecasts. We indicate how more rigorous, though computationally intensive calculations may be devised. We attempt to estimate how the parameter constraints might be affected by these more rigorous methods. While the constraints are often weakened, they still remain at least competitive with other constraints in the near future and the far future. In the case of futuristic surveys, addition of the void ellipticity to other constraints result in an improvement of the FoM by a factor of at least a hundred, in spite of degradation due to additional systematics. We therefore feel that our study makes a strong case for pursuing this idea in greater detail.
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We would like to thank G. Lavaux for many useful discussions and sharing insights from his results that motivated some choices in this paper. RB would like to thank W.M. Wood-Vasey for discussions about LSST supernovae. The authors would like to thank the California Institute of Technology for hospitality during which part of this work was done. The authors acknowledge financial support from NSF grantAST 07-08849. The evolution of a homogeneous ellipsoid of (real) density contrast δ m (t)in a homogeneous and isotropic flat LCDM universe with scale factorā and densities ρ m (t) and ρ vac has been studied [61, 79] . The equation of motion of the scale factor, a i and i = 1, 2, 3 , of three principal axes of the ellipsoid can be studied in terms of a second order Taylor expansion of the gravitational potential [61] : λ i are, as before, the eigenvalues of the tidal tensor and δ is the linearly extrapolated initial overdensity and they are proportional to the linear growth factor D(t).
The initial conditions are set by using the Zeldovich approximation and are: We integrate these equations numerically to find the axis ratios of an ellipsoid at the time of shell crossing in terms of its initial e and p. Fig. 9 compares the result of this calculation to the Zeldovich approximation. Here we plot the smallest ratio of the principal axes α = (J 3 /J 1 ) 1/2 at the present time calculated from the ellipsoidal evolution of Bond and Myers [61] ( α BM ) against the corresponding ratio calculated from the Zeldovich approximation (α Zeld ), for different values of the other ratio of axes β = (J 2 /J 1 ) 1/2 computed using the Zeldovich approximation in different panels. The blue dots are for the linear approximation for the evolution of the outside tidal field and the magenta dots for the non-linear model for external tides (see Bond and Myers [61] for a detailed discussion on these choices). The solid line shows the curve α BM = α Zeld . Since we must have 0 < α < β < 1 the dots only extend to α < β. It shows that the ellipsoidal collapse approximation is very similar to the Zeldovich approximation for voids.
